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Abstract. Let G be acompact Lie group. LeX, Y be freeG-spaces. In this paper,
we consider the question of the existencezefmapsf: X — Y. As a consequence,
we obtain a theorem about the existencé&gfcoincidence points.
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1 Intr oduction

One formulation of the Borsuk-Ulam Theorem [2] is that there is no map from
S" to S" equivariant with respect to the antipodal map, when- n (see, for
example, [1,7.2]). In[13], it was proved thatifandY are Hausdorff, pathwise
connected and paracompact spaces equipped with free involdtioXs— X
andS: Y — Y suchthatforsome natunad > 1, H9(X; Z,) =0forl<q<m
andH™L(Y/S; Z,) = 0, whereY/Sis the orbit space of by S, then there
is no equivariant mag : (X, T) — (Y, S). Our objective, in this paper, is to
generalize this result for free actions of a compact Lie grGup

Let R be a PID ands a compact Lie group. LeX, Y be freeG-spaces. We
denote byg; (X; R) thei-th Bettinumber ofX. Specifically, we prove

Theorem 1.1. LetG be a compact Lie group and, Y free G-spaces, Haus-
dorff, pathwise connected and paracompact. Suppose that for some natural
m> 1, HY(X;R) = 0for0 < q < mand H™(Y/G; R) = 0. Then,if
Bm(X; R) < Bmi1(BG; R), there is noG-equivariant mapf : X — V.
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128 CARLOS BIASI and DENISE DE MATTOS

Letusobserve that il is a topological manifold with a free action of a compact
Lie groupG, then dim(Y/G) = dim(Y) — dim(G), where dim denote the usual
topological dimension. Thus, if di6®) > 1, one hasthatdigY/G) < dim(Y).
We have the following Corollary of Theorem 1.1.

Corollary1.2. LetGbeacompactLiegroup ofdimensipnLetX be afrees-
space, Hausdorff, pathwise connected and paracompact suchiti@at; R) =
0, for0 < g < mandletY be a(m+ p)-dimensional topological manifold with
afree action ofG. If Bn(X; R) < Bmi1(BG; R), then there is n@-equivariant
mapf: X — Y.

Proof of Corollary 1.2. SinceY is a(m + p)-dimensional manifold with a
free action ofG, dim(Y/G) = m and therefordtH™1(Y/G; R) = 0. It follows
from Theorem 1.1 that there is ®-equivariant mapf : X — Y. O

The following examples illustrate Corollary 1.2.

Example 1.3. LetR=7,G = S'x S, X = P x S andY = S x &,
which admitfree action of G. One has that9(X;Z) = 0,for0 < g < m =
5 andH8(Y/G;Z) = 0, since dimMY/G) = 4. Moreover,B(S' x S =
CP® x CP>, whichimplies85(X; Z) = 2 < Bs(BG; Z) = 4. It follows from
Corollary 1.2 that there is no G-equivariant map X — Y.

Example 1.4. LetR=17,G=7Z,x S, X =S x Y = F x S, which
admit free action of G. One has th&t%(X;Z,) = 0,for0 < g < m = 4
and H3(Y/G; Z,) = 0, since dim(Y/G) = 4. Moreover,B(Z, x S') =
RP*® x CP*, whichimplies 84(X; Zy) = 1 < Bs(BG; Z,) = 3. It follows
from Corollary 1.2 that there is no G-equivariant map X — Y.

Remark 1.5. The referee pointed us that Example 1.3 can be obtained by using
results in [9].

WhenG = Z4, whereq > 1is an integer, another consequence of Theorem
1.1 is the following

Corollary 1.6. Let X,Y be freeZqy-spaces, Hausddif pathwise connected
and paracompact, wheig > 1is an integer. Leip be a prime which divides.
Suppose that" (X; Zq) =0, for1 <r < mand Hm“(Y/Zp; Zp) = 0. Then
there is noZq-equivariant mapf : X — Y.
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Proof of Corollary 1.6.  SinceZ,, is asubgroup ofZ,, we have thatX, Y are
free Zp-spaces. ThéypothesisH' (X; Zq) = 0, for 1 < r < mimplies that
H"(X;Zp) = 0,for1 <r < m. In particular, H"(X; Z,) = 0 impliesthat
Bm(X; Zp) < Pm+1(BZp; Zp) = 1. Inthis way, the assumptions of Theorem
1.1 are satisfied fo6 = Zj, thenthere is ndZ,-equivariant mapf : X — Y,
Consequently, there is rig-equivariant mapf : X — Y. (]

Remark 1.7. Corollary 1.6 extends for fregq-actions,q > 2, Theorem 1
proved in [13].

Remark 1.8. Suppose that in Corollary 1., is am-dimensional manifold,
thusH™ (Y /Zp; Zp) = 0. Then there is n@.q-equivariant mapf : X — Y.
This particular case of Corollary 1.6 extends the following result proved by T.
Kobayashiin[11, Theorem 1]: X is a Hausdorff and pathwise connected space
such thatH, (X; Zgq) = 0,for 1 <r < m— 1, then there is n@q-equivariant
map f: X — S, wherem, n areodd,m > n, S" with the standard action of
Zg,q > 1.

2 Preliminaries

We start by introducing some basic notions and notations. We assume that all
spaces under consideration are Hausdorff and paracompact spaces. Throughout
this paperH, andH * will always denote the singular homology and cohnomology
groups. For a given spad® let G be asystem of local coefficients fdB. We
will denote by H, (B; G) the homologygroups ofB with local coefficients in
G. Thesymbol= will denote an appropriate isomorphism between algebraic
objects.

Suppose thaf is a compact Lie group which acts freely on a Hausdorff and
paracompact spac¥, thenX — X/G is a principalG-bundle [3, Theorem
11.5.8] and one can take

h: é — BG (2.1)
aclassifying map for th&-bundleX — X/G.

Remark 2.1. Let us observe that ifi is another classifying mapAfor the
principal G-bundleX — X/G, then there is a homotopy betwel@ndh.
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Given theG-spaceX, consider the produdE G x X with the diagonal action
given byg(e, X) = (ge gx) and letEG xg X = (EG x X)/G beits orbit
space. The first projectioB G x X — EG induces a map

EG
px: EG xg X — (G—):BG, (2.2
which is a fibration with fibeiX and base spad®@G being the classifying space
of G. This is called théBorel construction It associates to eadB-spaceX a
spaceEG xg X, whichwill be denoted byXg, over BG and to eaclG-map
X — Y afiber preserving mapG xg X - EG x¢ Y over BG.

Remark 2.2. If G acts freely onX, then the map

X

induced bythe second projectioB G x X — X is a fibration with a contractible
fibre EG and therefore a homotopy equivalence (for details, see [7]).

Now, let us recall the following theorems of Leray-Serre for fibrations, as given
in [12, theorems 5.1, 5.2].

Theorem 2.3 [The homology Leray-Serre Spectral Sequence].LetG be an

abelian group. Given a fibratiok — E £ B,wheeBis pathwise connected,
there is a first quadrant spectral sequer{¢g ,, d'}, with

Epq = Hp(B: Hq(F: G)), (2.4)

the homology ofB with local coefficients in the homology Bf, the fibre ofp,
and coverging tdH..(E; G). Furthermoe, this spectral sequence is natural with
respect to fibre-preserving maps of fibrations.

Theorem 2.4 [The cohomology Leray-Serre Spectral Sequence]LetRbe a
commutative ring with unit. Given a fibratidh— E & BwhereBis pathwise
connected, there is a first quadrant spectral sequence of alg¢kyas d, }, with

EJY = HP(B; H{%(F; R)). (2.5)

the cohomolgy of B with local coefficients in the cohomology Bf the fibre
of p, and coverging toH*(E; R) as analgebra. Furthermore, this spectral
sequence is natural with respect to fibre-preserving maps of fibrations.

Bull Braz Math Soc, Vol. 37, N. 1, 2006



A BORSUK-ULAM THEOREM FOR COMPACT LIE GROUP ACTIONS 131

3 Proof of Theorem 1.1

The proof of Theorem 1.1 will follow from the following lemmas

Lemma 3.1. LetR be a PID andE > B a fibration with fiberF and base
spaceB pathwise connected. Suppose thit(F, R) = 0, for0 < g < m.
Then,there exists an exact sequence with coefficieni, in

Hmnt1(E) = Hmp1(B) = Ho(B, Hm(F)) — Hm(E) = Hm(B) — ---
- = Ho(E) & Ha(B) 5 Ho(B, H1(F)) — Hi(E) & Hi(B) — O,

wherer is the transgression homomorphism a#fi(F) denotes theystem of
local coefficients oveB.

Proof. It follows from Theorem 2.3 that there exists a first quadrant spectral
sequenc¢E; ,, d"}, with

EZq = Hp(B: H4(F)), (3.1)

the homologyof B with local coefficients in the homology &, the fibre ofp,
and coverging ta1, (E; R). SinceF is pathwise connected the local coefficients
systemH,(F) over B is trivial and follows from [12, Proposition 5.18] that

E2 0 = Hp(B; Ho(F)) = Hp(B; Ho(F)) = Hy(B),  ¥p. (3.2)

On the other handHy(F) = 0, for 0 < g < m and follows from (3.1) that
Eg’q = EJ%, = 0,for 0 < g < m. Furthermore, the spectral sequence is a first
guadrant spectral sequence, then we have

Hm1(B) = Efiio = Emiio = - = Emito (3.3)
Ho(B: Hm(F)) = E§, = Egp = -+ = Egiit (3.4)
Hp(B) = Efp = Ejg = -+ = Eby = E. Vp<m.  (35)

Consider thdollowing exact sequences
0— Eg; » H(E) - E7g — O (3.6)

0> E% > EogS E) , > ES , >0, (3.7)
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forany r < m+ 1. Putting together these sequences, one obtains the exact
sequence

m+1 dm+l m+1 m dm m
Hni1(E) — Eer10 — Eo,m — Hn(E) — Em0 — EO,mfl — ..

2
.+ > HyE) > E24 % EZ, — Hi(E) » E% — 0

whered": Ef , — Ej,_, is thetransgression homomorphism [12, theorem 6.5].
If we replace in (3.8) the equalities (3.3), (3.4) and (3.5), one obtains the desired
sequence, that is,

Hmi1(E) —> Hm+1(B) 5 Ho(B, Hm(F)) — Hm(E) — * Hm(B) — ---
- Ho(E) —> Ho(B) N Ho(B, H1(F)) — Hy(E) —> Hi(B) — 0

This completeshe proof. O

Lemma 3.2. LetR be a PID andE 5> B a fibration with fiberF and base
spaceB pathwise connected. Suppose thHt(F, R) = 0, for0 < q < m.
Then,there exists an exact sequence with coefficieni; in

0> HYB) 5 HYE) - HOB: HYE) 5> H2B) & HZAE) > ...

S H™(B) B HME) > HOB; HM(F) S H™LB) & H™L(E)

wherer is the transgression homomorphism aff (F) denotes theystem of
local coefficients oveB.

Proof. The proof is analogous to Lemma 3.1, considering the cohomology
Leray-Serre Spectral Sequence (Theorem 2.4) associated to the fibration

E S B. 0

Lemma 3.3. Let X be a free G-space, Hausdorff, pathwise connected and
paracompact. For a natural numben > 1, suppose thad9(X; R) = 0, for

0 < g < mandthat 8h(X; R) < Bme1(BG; R). Then the homomorphism
h*: H™Y(BG; R) - H™1(X/G; R) is nontrivial, whereh: X/G — BGis

a classifying map for the princip&b-bundleX — X/G.
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Proof. Let EG — BG be the universaG-bundle andh: X/G — BG a

classifying map for the principab-bundle X — X/G. Let px: Xg — BG

the Borel-fibration associated to th@&-spaceX, where Xg is theBorel space,
asin (2.2). It follows from Remark 2.2 that the m&p — X/G is ahomotopy
equivalence. Lat: X/G — Xg beitshomotopy inverse. Thepyor: X/G —

BG also classifies the principa-bundle X — X/G, and it follows from
Remark 2.1 that the majpx o r) is homotopido h. Since

r*: H™(Xg; R) > H™?! (é R)

is anisomorphism, it suffices to prove tha : H™(BG; R) - H™(Xg; R)
is nontrivial. In fact, sinceH%(X; R) = 0,for 0 < q < m, it follows from
Lemma 3.2 that there exists an exact sequence with coefficieRs in

0— - = HMXg) — -
PX

coo > HYBG; H™(X)) > H™YBG) =X H™L(Xg)

Suppose thap} : H™(BG; R) - H™1(Xg; R) is thezero homomorphism.
From (3.9), we have that: HY(BG; H™(X)) — H™1(BG) is a surjective
homomorphism, which implies that

(3.9)

rank HO(BG; H™(X)) > Bm+1(BG; R). (3.10

On the other hand, sincd®(BG; H ™M(X)) is isomorphicto a submodule of
H™(X; R) [14, theorenB.2] and by hypothesifn(X; R) < Bmi1(BG; R),

rank HO(BG; H™(X)) < rank H™(X; R) = Bm(X; R) < Bmy1(BG; R),

which contradicts 3.10. O

Remark 3.4. A similar result to Lemma 3.1 has been proved in [10, Lemma
2], whenG is a finite group.

Proof of Theorem 1.1. Suppose thaff : X — Y is a G-equivariant map.
SinceY is a Hausdorff paracompact space, one can take a classifying map
g:Y/G — BG for the principal G-bundle Y — Y/G. Then the map

h =go f: X/G — BG can be taken as a classifying map for the prin-
cipal G-bundle X — X/G, where f: X/G — Y/G is the map induced

by f between the orbit spaces. Since by hypothé$i&(Y/G; R) = 0
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one haghatg*: H™(BG; R) — H™(Y/G; R) is trivial and consequently
h*: H"Y(BG; R) - H™1(X/G; R) is the zero homomorphism, which
contradicts Lemma 3.3. O

SupposeX equipped with a free action of the cyclic grolip generated by
periodic homeomorphisnii : X — X of period p, wherep is a prime. We set
Y* =TI, Y — A, where

A={(Y, Y2 ,Yp) €M Y yi=y=-- = yp)}

is theusual diagonal ifl1”_,Y'. Then,Y* admits afree action ofZ,,, generated
by a periodic homeomorphistg: Y* — Y* of period p given by

tY(yl’ y25 Y yp) - (yZa y3» R ypa yl)

Under theseonditions, we obtain the following

Theorem 3.5. For a natural numbem > 1, suppose thaH" (X; Z,) = 0,
for 1 <r < mand thatH™(Y* /ty; Zp) = 0, whee pis a prime. Then every
continuous magpf : X — Y has aZp-coincidencethat is, there exists a point
X € X such thatf (x) = f(gx) foranyg € Z,.

Proof. Letf: X — Y beamap withouk-coincidences. Thewe can define
the Z,-equivariant mapF : X — Y* by

FOO = (F00, fTX)), -+, FTPH0).

The istence of such a map contradicts Corollary 1.6. O

Remark 3.6. Let us observe that Theorem 3.5 extends for ffgeactions,
p > 2, Theorem 3 proved in [13].

Remark 3.7. Suppose that in Theorem 3.8,is a finite connecte#-dimen-
sional CW-complex. TheN*/Z, admits apk-dimensional structure of a CW-
complex, thusH pI‘+1(Y*/Zp, Zp) = 0. Then, every continuous maj: X —

Y has aZp-coincidence, iin > pk (this also follows from Theorem 1 of [10];
in fact, Theorem 1 of [10] gives additionally that the result is also valid for
n = pk).
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Remark 3.8. Let X be a Hausdorff space which supports a fiég-action,
wherep > 2 isa prime. In [4], F. Cohen and J.E. Connett obtained a Borsuk-
Ulam result for continuous maps: X — R", with n > 2. The following
statement was proved: X is (n — 1)(p — 1)-connected, then there existe X
andg € Zp, g # identity,such thatf (x) = f(g(x)). In the following Theorem,
we replace the hypothesiX“is (n — 1)(p — 1)-connected" by a cohomological
condition onX.

Theorem 3.9. Let X be a Hausdorff, pathwise connected and paracompact
space, equipped with a free action of the cyclic gréiymenerted by a periodic
homeomorphisnT : X — X of period p, wherep is a prime. Suppose that
H"(X,Zp) =0,forl <r < (n—1)(p — 1). Then for every continuous map
f: X > R" ther existx € X and1 <i < p—1suchthatf (x) = f(T'(x)).

Remark 3.10. It is interesting to note that Theorem 3.9 is stronger than the
result proved in [4], since @ —1)(p— 1)-connected space hat (X, Zp) equal
tozeroforl<r <(n—1)(p—1).

To prove Theorem 3.9, we recall the definition of #@nfiguration space
of a manifold M, studied by Fadell and Neuwirth [8] in 1962. The ordered
configuration spacés the space of the all orderdetuples of distinct points in
M defined by

F(M,K) = {(Xg, X2, -+ , %) € M: % #£x;, forall i #j}. (3.11)

WhenM = R", thespaceF (R", k) is thecomplement of a linear arrangement

of subspaces of codimensionin R*". The cohomology of these spaces was
obtained by Cohen [5, 6]. It is again torsion free, with generators of degree
(n — 1) corresponding to individual subspaces, and relations corresponding to
triples with the same pairwise intersection.

The symmetric group , onk letters actéreely onF (M, k) by permutation of
coordinates. IfS is any finite group, there exists an inte¢gesuch thaG c ) ,.
ThusZy, thecyclic group of ordemp, acts freely or- (R", p), viathe action given
by a homomorphisri, — Zp which sendd € Z, to thecycle(1,2, --- , p).

In [4], Cohen and Connett proved the following result

Lemma3.11. H'(FR", p)/Zp; Zp) =0, for r > (n—1)(p—1).
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Proof of Theorem 3.9. Suppose thaf (x) # f(T'(x)), foranyx € X and
1<i < p—1. Thus, we can define&y,-mapF: X — F(R", p) given by

F(x) = (f(x), f(TX),---, f(TPx)).

SinceH"(X,Zp) = 0,for1 <r < (n—1)(p — 1) and by Lemma 3.11,
H'(F(R", p)/Zp; Zp) is zero,forr > (n — 1)(p — 1), one has thaK and
F(R", p) satisfy thehypotheses of Corollary 1.6 and the existence of such a
Zp-equivariant map is a contradiction.
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